Let F be a 2-factorization of the complete graph K v admitting an automorphism group G acting doubly transitively on the set of factors. In the Hamiltonian case the only possibility is the unique factorization of K 5 , while in the non-Hamiltonian case we give some classes of examples and some necessary conditions for the existence of such factorizations.
Introduction
A 2-factor of the complete undirected graph K v is a collection of vertex disjoint cycles which partition the vertex set V (K v ). A 2-factorization of K v is a set F of edge disjoint 2-factors partitioning the edge set E(K v ). Since the existence of such a factorization requires the degrees of the vertices to be even, the complete graph must have an odd number v of vertices.
The cycles from F, put together, form a cycle decomposition of K v , which will be denoted by D. Let Aut(F) be the full automorphism group of F, i.e. the set of all permutations of V (K v ) whose extended actions on cycles preserve the 2-factorization F. An automorphism group of F is a subgroup of Aut(F).
In some recent papers, the existence of factorizations admitting an automorphism group satisfying various assumptions have been studied. These assumptions generally deal with the action of the group on the vertex set, see for example [2, 1, 4, 5, 9] , whereas in [7] the authors consider the case in which the action of the automorphism group is regular on the set of factors of F. In the present paper we follow the latter point of view. We consider namely 2-factorizations of the complete graph with an automorphism group acting doubly transitively on factors. We give a complete classification in the Hamiltonian case, while in the non-Hamiltonian case we exhibit three infinite classes of examples and a sporadic construction. Moreover, we have obtained some necessary conditions for the existence of such factorizations.
In general, if G Aut(F), the action of G on F is not faithful. That is G can contain non-trivial permutations on V (K v ) fixing each 2-factor, these permutations together with the identity, form a normal subgroup of G (the kernel of the action) and we will denote it by N.
If such a group G acts doubly transitively on factors we must have at least two factors and so we shall assume v 5 throughout the paper. Furthermore, the action of G is transitive on factors, hence all factors are isomorphic. A 2-factorization with all factors isomorphic to a given factor F will be said to be an F-factorization. If l 1 , l 2 , . . . , l t are the lengths of the cycles in F then we shall say that F is of type (l 1 , l 2 , . . . , l t ).
The Hamiltonian case
Recall that a 2-factorization F is Hamiltonian if each 2-factor consists of a single cycle. In this section F will denote a Hamiltonian 2-factorization of K v , and G an automorphism group of F.
The proof of the following Lemma is in Theorem 1 of [8] . We sketch it for reader's convenience. 
Finally it is proved in [8] that no pair of edges in E belongs to the same 2-factor. Since each 2-factor has an edge fixed by the involution g then itself is fixed by g.
Proposition 1. If G acts doubly transitively on the factors of
where D v is the dihedral group of order 2v. As the group D v is generated by its involutions, we can conclude by Lemma 1 that G F N (the kernel of the action of G on F). We have then that G F is transitive on F\{F } if and only if the number of factors is 2 and so v = 5.
Since the unique 2-factorization of K 5 is Hamiltonian, we can assume v 7 in the rest of the paper.
Constructions of 2-factorizations from near 1-factorizations
We present two general constructions which will be useful in the next section to obtain examples of non-Hamiltonian 2-factorizations with an automorphism group doubly transitive on factors. Our constructions start from a near 1-factorization of a complete graph to build up a 2-factorization. Recall that a near 1-factorization of the complete graph K n , for n odd, is a partition of the edge-set into n subsets, each consisting of (n − 1)/2 pairwise disjoint edges, covering all the vertices but one. We shall denote by f a the unique near 1-factor of f leaving the vertex a uncovered.
as vertex set (where ∞ and 0 do not belong to V (K n )).
For each near 1-factor f a of f we construct a 2-factor F a of type (3, 4, . . . , 4) of K v . The cycles of F a are described as follows (see also Fig. 1 ):
It is easy to prove that F = {F a : a ∈ V (K n )} is a 2-factorization of K v . Let G be an automorphism group of f, i.e. a group of permutations of V (K n ) whose extended actions on edges preserve the near 1-factorization. If we set g(∞) = ∞ for each element g of G and extend the action of G on V (K v ) in the natural way, namely g((x, 0)) = (g(x), 0) and g((0, x)) = (0, g(x)), it is trivial to prove the following proposition: 
All vertices in F ij are of degree 2, so that F ij is a 2-factor of
is in a unique near 1-factor of f, the set F a is a 2-factorization of K v . The near 1-factor f a will be called the base near 1-factor for F a . The problem of understanding whether two factorizations F a and F b arising from different base near 1-factors of f are isomorphic or not is not addressed here. That is because we will prove this fact is not relevant to our special situation.
Proposition 3. Let G be an automorphism group of f. The stabilizer G a of the vertex a is a subgroup of the full automorphism group of F a .
Proof. Let g ∈ G a be an automorphism of f, we have to prove that g is an automorphism of F a . Let F ij be a 2-factor in F a and let g(i) = r. Let [r, s] be the edge of f a containing the vertex r. Since
The non-Hamiltonian case
In this section we show three classes of non-Hamiltonian 2-factorizations whose automorphism group acts doubly transitively on the set of factors. Two classes (Examples 1 and 2) are obtained by some suitable near 1-factorizations using the constructions of Section 3. The third class (Example 3) is properly contained in the family of those 2-factorizations whose automorphism group acts doubly transitively on the vertices (for a description see [1] ). Finally in Example 4, we present a sporadic example deriving from the main result of [6] .
It will be useful to our aim to consider near 1-factorizations admitting an automorphism group having a 2-transitive action on the vertices. This class of near 1-factorizations is completely described in [3] . We recall this classification in the following Theorem: Starting from these near 1-factorizations we obtain 2-factorizations using the two constructions described in the previous section and then we prove that some of these 2-factorizations admit an automorphism group with a doubly transitive action on the set of 2-factors. Example 1. Let f be a near 1-factorization of K n admitting an automorphism group G acting doubly transitively on
obtained from Construction 1 of Section 3 admits G as an automorphism group which is doubly transitive on 2-factors (see Proposition 2). The group G fixes one vertex and partitions the remaining ones into two orbits of equal length. We will prove in Proposition 7 that each 2-factorization admitting an automorphism group which is doubly transitive on factors and having this action on vertices can be obtained in this way.
Example 2. Apply Construction 2 of Section 3 to a near 1-factorization admitting an automorphism group which is doubly transitive on the vertex set. Since this automorphism group is transitive on the set of near 1-factors, different choices of the base near 1-factor lead to isomorphic 2-factorizations. According to the fact that the near 1-factorization is of type a) or b) (see Theorem 1), we obtain 2-factorizations of the following types:
In case (2a) the vertices can be identified with the elements of an elementary abelian group of odd order, say p n (p = 2 prime), whose identity is denoted by 0. Let f 0 = {[x, y] : x + y = 0, x = y} be the base near 1-factor. Each 2-factor F ij = {f i ∪ f j ∪ [i, j ] : i + j = 0} has a cycle C ij which contains [i, j ], its length is p and it can be written as follows:
All cycles of F ij different from C ij have even length 2p and can be written as follows:
where t is an element not belonging to C ij .
Not each 2-factorization obtained above admits an automorphism group doubly transitive on factors: the set of vertices can be identified with the point set of the affine space AG(d, p) and the group V with the group of translations of AG(d, p) so that V < AGL(d, p). The group AGL(d, p) is an automorphism group of the near 1-factorization f which is 2-transitive on vertices, see [3] . Applying Proposition 2 the stabilizer of the point 0 in AGL(d, p) is an automorphism group of F, say G. The group G is doubly transitive on classes of parallel lines of AG(d, p). Consider a 2-factor F ij and observe that all the vertices of the p-cycle C ij ∈ F ij belong to the line of AG(d, p) through 0 determined by the non-zero element i of V. In our 2-factorization we have (p − 1)/2 distinct 2-factors whose p-cycle is on the line through 0, i and j, namely all the 2-factors F rs with r and s on this line. When p > 3, these (p − 1)/2 distinct 2-factors form a non-trivial block of imprimitivity for the action of G on 2-factors. Therefore the action of G cannot be 2-transitive on F. Instead, if p = 3, we have a unique 3-cycle arising from each line through 0 and then we have a bijection between parallelism classes and 2-factors of F. Since G preserves F and it is 2-transitive on the parallelism classes, then G is also doubly transitive on F.
In case (2b) the vertex set can be identified with the point set of the projective space P G (d, 2) . Identify the points of P G(d, 2) with the set Z If f O is the base near 1-factor then the corresponding 2-factors have the following form:
Observe that if we denote by i the point (1, x 1 , x 2 , . . . , x d ) then j =(0, x 1 , x 2 , . . . , x d ) . It follows immediately from the description that the cycle C ij = (i, j, O) belongs to F ij . For each point k = (1, y 1 , y 2 , . . . , y d ) not in C ij , consider the projective plane through the points i, j and k: is isomorphic to P G (2, 2) . The four points (1, y 1 , . . . , y d ), (1, x 1 +  y 1 , . . . , x d + y d ), (0, y 1 , . . . , y d ), (0, x 1 + y 1 , . . . , x d + y d ) of not in C ij yield a cycle of F ij of length 4 .
In what follows we prove that this 2-factorization is isomorphic to that constructed in Example 1 if we start with the near 1-factorization of type b) of Theorem 1 whose vertices are the points of P G (d − 1, 2) .
The near 1-factorization f has P GL(d + 1, 2) as automorphism group 2-transitive on vertices. By Proposition 3 the stabilizer of O, P GL O (d + 1, 2), is an automorphism group for our 2-factorization. This group can be identified with the group of all matrices of type ⎛ ⎜ ⎝ 
In the next Proposition 7 we will prove that this condition is sufficient to say that the 2-factorization can be obtained also applying Construction 1 to a suitable near 1-factorization. Namely in our special case we have to apply Construction 1 to the near 1-factorization (b) of Theorem 1 constructed from P G(d − 1, 2). Example 4. In [6] the author studied the parallelisms P of P G (3, q) which admit an automorphism group acting doubly transitively on the spreads of P. The main result obtained there is that necessarily q = 2, P is one of the two regular parallelisms in P G (3, 2) and the group is isomorphic to P SL (2, 7) . If we identify the point set of P G (3, 2) with the vertex set of K 15 and each line with a 3-cycle then each spread corresponds to a 2-factor. The resulting 2-factorization inherits the doubly transitive automorphism group of the parallelism. The action on the vertex set has two orbits, namely a fixed vertex and an orbit of length 14.
Some existence conditions
Even though we are not able to produce a complete classification of the 2-factorizations F which have an automorphism group G doubly transitive on factors, we are nevertheless able to furnish some necessary conditions for their existence. Each situation arising in results of this section does occur in some example of the previous section. 
Moreover at least the vertices of C 1 , C 2 , . . . , C t are in F and then
By (1) and (2) we easily obtain v = 2kt + 3 and the assertion follows.
Proposition 5. If G fixes a vertex then all cycles through that vertex have length 3.
Proof. Denote by ∞ the vertex fixed by G. Suppose the existence of a cycle A through ∞ with length greater than 3:
Let F be the 2-factor containing A and let F 1 be the 2-factor which contains the edge [a, b]. Let g be an element of G F , we have g(F ) = F and then g({a, b}) = {a, b}. Hence the edge [a, b] and the 2-factor F 1 are fixed by each element of G F . By the transitivity of G F on F\{F } we obtain a contradiction.
Proposition 6. If G fixes a vertex, say ∞, then the action of G on V (K v )\{∞} is one of the following:
• The action of G is faithful on F and yields two orbits on
The action of G on 1 is equivalent to the action on 2 and on F. Finally observe that G acts faithfully on F. Infact a permutation g ∈ G which fixes a 2-factor F must also fix the 3-cycle of F through ∞:(a, ∞, c); since a and c are in distinct orbits then g fixes both a and c. This implies that if an element fixes all the 2-factors then it fixes all the vertices, so the action of G on F is faithful. Moreover for each a ∈ 1 we can identify a with F a , the unique 2-factor containing [∞, a] and the action of G on F is equivalent to the action of G on 1 .
Recall that we denote by D the underlying decomposition in cycles of F. Under the same hypothesis of Proposition 6 we can also obtain: . , x, a, y, . . .) in D with x and y in the same orbit. Let F a be the 2-factor containing the 3-cycle (∞, a, a ) ; G F a = G a is transitive on F\{F a }, then {g(A)|g ∈ G a } is the set of all cycles through a which are different from (∞, a, a ) . Therefore, the set {g(x), g(y)|g ∈ G a } covers V \{∞, a, a }: a contradiction since g(x) and g(y) are in the same orbit.
Proposition 7.
If G has two orbits 1 , 2 on V (K v )\{∞} then the 2-factorization is of type (3, 4, . . . , 4) and it arises from a near 1-factorization with a doubly transitive automorphism group on vertices as in Construction 1. A = (a 1 , a 2 , . . . , a k ) be a cycle of D not through ∞. By Lemma 2 we have k even greater than 2. We can suppose a 1 , a 2 ∈ 1 without loss of generality. Moreover by the same Lemma we obtain a 3 , a 4 ∈ 2 , a 5 , a 6 ∈ 1 and so on. This implies that 4 divides k and then v ≡ 3 (mod 4). Let v =2n+1 with n odd and let F be the 2-factor containing A. Observe that the number of distinct cycles of F not containing ∞ is at most (n − 1)/2. Suppose that Proof. Since the 2-factors of F are pairwise isomorphic, they contain the same number of k-cycles, we denote it by b k . Furthermore the group G is transitive on the vertex set, then the number of k-cycles of D through a fixed vertex is the same, say a k . The total number of k-cycles in D is a k v/k and there are b k of them in each factor, so we obtain:
Proof. Let
Since (v, (v − 1)/2) = 1 then v must divide b k k, but b k k v and then it is necessarily v = b k k, and the assertion follows.
Proposition 8. Let G be an automorphism group of F acting doubly transitively on F and transitively on V (K v ).
Each 2-factor of F is of type (3, . . . , 3) .
Proof. Since G is doubly transitive on F all the factors are isomorphic. By Lemma 3 we have that each factor is of type (k, k, . . . , k). Suppose k > 3. Let be the subset of E(K v ) consisting of all edges with vertices at distance two in a fix factor F, | | = v. The stabilizer of F is transitive on the set F\{F } of cardinality (v − 3)/2, moreover is exactly the union of one or more orbits of the action of G F on edges then (v − 3)/2 must divide v. The unique possibilities are v = 5 and 9, but in the first case the factorization is Hamiltonian and in the second k is necessarily 3.
The situation described in Proposition 8 really occurs in Example 3 of Section 4. Nevertheless, we do not know if this is the unique possible class of examples under these assumptions.
To conclude we study the possibilities for the intersection between a factor of F and an orbit of the action of G on the vertex set; the conditions obtained shall be used to prove Proposition 9. 
Final remark
The aim of this paper is the study of 2-factorizations, nevertheless we can observe that Construction 1 of Section 3 can be extended in a natural way to obtain an r-factorization of certain complete graphs for each positive integer r. The vertex set is given by {V (K n ) × Z r } ∪ {∞} and each r-factor is isomorphic to K r+1 ∪ K r,r ∪ · · · ∪ K r,r (n−1)/2 . An equivalent formulation for Proposition 2 can be proved in this more general situation and then also in this case each factorization obtained from a doubly transitive near 1-factorization does admit an automorphism group acting doubly transitively on factors.
